Consider the equation (1) x + A(t)x = -f(t, x) x(Q) = x , x £ X , a Banach sequence space with a Schauder Basis. It is proved that if /(/, 0) = 0 , A(t)(-) + f(t, •) is a positive operator and the solution operator K(t, 0)x° = x° -f¿A(s)ds -¡¿f(s, x(s))ds is compact for t > 0, then system (1) has at least one solution x(t), x(t) ^ 0 such that x(t) > 0, -x(l) < 0 , and consequently x(t) are monotone nonincreasing for t > 0 .
Introduction
In [5] we presented a topological method that can be applied to study the asymptotic behavior of differential equations in Banach spaces. The book of Krasnoselskii [8] is dedicated to the determination of positive solutions of operator equations. If X is a Banach space with a cone C, the linear operator A is called positive if it transforms the cone into itself. It follows from x > 0 that Ax > 0.
The operator A is strongly positive if x > 0, x yi 0, implies Ax > 0. (This definition applies also when the cone is not solid). The operator A is negative if it transforms the cone C into -C. It follows from x > 0 that -Ax > 0. A is strongly negative if x > 0, x / 0, implies -Ax > 0. Even when the operator A: R+ x X ^ X is negative, the differential equation x -A(t, x), A(t, 0) = 0 may have positive solutions. In this paper we apply the results proved in [5] to extend theorems of Hartman and Wintner [2] and [3] , to an infinite dimensional space. The proof shows the generality and simplicity of the methoddeveloped in [5] . 
Preliminaries
We begin by recalling a few definitions and results from [5] . Suppose X is a Banach space, R+ = [0, co), u : R x X x R+ -► X is a given mapping and define U(a, t): X -► X for a e R, t e R+ by U(a, t)xu(a, x, t). A process on X is a mapping u: R x X x R+ ^ X satisfying the following properties:
= U(o,s + t). A process is said to be an autonomous process or a semidynamical system if U(a, t) is independent of a, i.e., U(a, t) = {7(0, /) for each a e R and t > 0. When this is the case, define T(t) = U(0, t) and note T(t)x is continuous at each (t, x) e R x X .
Definition. Suppose u is a process on X. The trajectory z+(a,x) through (o, x) e Rx X is the set in R x X defined by x+(a,x) = {(a + t, U(a, t)x)\teR+}.
The orbit y+(a,x) through (o, x) is the set in X defined by y+(a, x) = {U(a, t)x\teR+}.
An integral of the process on R is a continuous function y : R -• X such that for any a e R, x+(a, y(o)) = {(a + t, y(a + t))\t > 0} . An integral y is an integral through (a, x) e Rx X ,if y(a) = x .
We assume in the following that the integral through each (o, x) e R x X is unique. We define t_1(-*) = {(cr-y) € RxXß t > 0 suchthat U(a, t)y = x). If P0 = (a, x) e R x X and z e y+(a, x), we define tz = inf{t > 01 U(a, t)x = z}, Qz = (a + tz, U(a,tz)x), [P0, Qz] = (a + t, U(a, t)x\0 < t < tz}. Given a point P0 = (a, x) e co, if the trajectory x+(o, x) of the process is contained in co for every t > 0 we say that the trajectory is asymptotic with respect to co. If the trajectory is not asymptotic with respect to co then there is a t > 0 such that (a + t, U(a, t)x) e dco. Taking:
The point C(P0) is called the consequent of PQ . Define G to be the set of all P0 = (a, x) e co such that there are C(P0) and C(PQ) e S*. G is called the left shadow of co. Consider the mapping, the consequent operator:
K:S*UG^S* K(P0) = C(P0) if P0 e co, and K(P0) = P0 if P0eS*. Lemma 1. The consequent operator K: S*uG -* 5"* is continuous. The following theorem is proved in [5] . Theorem 1. Let co be a nonempty, open subset of il, and with S and S* denoting respectively, the set of egress and strict egress points of co, assume </3 ^ Z c co US and the following conditions are satisfied:
(ii) Z ¿s a closed, bounded, convex set and K is a compact operator, (iii) Zn5 is a retract of S, that is there exists a retraction r: S -> Z C\S. (iv) there exists a continuous mapping <P: ZCiS -> ZnS such that O(P) ^ P for every P e Z n S.
Then there exists at least one point P -(a, x) eZ -S such that the trajectory T+(fj, x) through P = (a, x) is contained in co -S.
Main results
Let I bea real Banach space with Schauder basis {e1} and identify each x e X with the coordinate sequence (xx, x2, •••). For example, take X = c, the space of real convergent sequences with norm given by ||x|| = sup \x¡\ where x = {xt}°^x and for i = 1, 2, ■■■ , let e' be the natural basis, i.e., {e1} is the sequence whose z'th element is 1 and has all other elements equal to zero.
The main results of this paper are for certain linear differential equations on the sequence space isomorphic to a Banach space X with a Schauder basis. The reader unfamiliar with the notion of sequence space is referred to the first three pages of [6] which contain sufficient material to understand sequence spaces as they are used here.
Consider the system We assume that for each t e [0, T], -A(t) is the infinitesimal generator of a C semigroup on the space X, the domain D(A(t)) = D is independent of t, is dense in X and that the initial value problem ( 1 ) has a unique classical solution defined in [0, oo] . Assume also continuity with respect to initial condition for the solutions of (1). See [4] and [7] .
Our purpose here is to apply Theorem 1 to prove existence of a positive solution of system (1). Then system (1) has a monotone nonincreasingsolution x(t) = (xx(t), x2(t)), ■ ■ ■), x(t) ^ 0 such that x¡(t) > 0 and -xx (t) > 0 for every i = 1, 2, •• ■ , t > 0, and consequently xt(t) are monotone nonincreasing for t > 0.
Proof. Let X be a Banach space with Schauder basis {e'}°lx and without loss of generality assume the basis is normalized so that \\e'\\ -1 for each i. Note that co is open in X and oz is a solid cone in X. (It is the positive orthant relative to the Schauder basis.) Further it is easily verified that Su {0} equals the boundary of w and Z c cou S. Z is a cross-section of the cone To . Also Z is bounded since x eZ implies ||x|| < ]T) x{\el || = ó .
In dimension 3 the sets co, S and Z are shown in Figure 1 . a> is the interior of the positive orthant, S U {0} is the surface of the positive orthant and Z is the face of the 3-simplex with vertices 0, e , e , e opposite 0. If the space X (5) through some y°n -(y°Xn, y2n, •■■). When e¡¡ -* 0 there is a sequence of positive solutions yn(t) of (5) through yn. Let E = {y"} ■ For 1 > t0, the set {K(l, 0)(yjn)(l)} -{yin(i)} is compact and there exists a convergent subsequence {yit¡k(t)} , yinfi) -> y0(t) and the solutions yin¡(t) -» y(t), y(i) = y0(l) on every interval 1 < t < T < oe.
Remark 1. In finite dimension, X = R" , the operator K is compact and Theorem 2 is true without hypothesis (i). This is a Theorem of Hartman and Wintner [2] . .)
The generalization of this result to infinite dimensional Banach sequence spaces, the Krein-Rutman Theorem, is also a consequence of Theorem 1.1. We assume that for each t e [0, T], -A(t) is the infinitesimal generator of a C -semigroup on the space X, the domain D(A(t)) = D is independent of Z, is dense in X , f: [0, oo) x U -► A" is continuous, l/cI, open, /(i, 0) = 0 and we assume existence of a unique classical solution of (6) in [0, oo), as well as continuity with respect to initial conditions; see [4] and [7] . (ii) £°f>"(0*y + ft(t,x) > 0 for every i = 1, 2, • • ■ , x. > 0, ; = 1,2,... Then system (6) has a monotone nonincreasing solution x(t) = (xx(t), x2(t), ■ ■ ■) such that x¡(t) > 0 for every i = 1, 2, • • ■ , t > 0, and consequently the xt(t) are monotone nonincreasing.
The proof follows as in Theorem 2, assuming that £%i aij(t)xj+f¡(t, x) > 0 and the conclusion is that there exists a positive solution of (6) through some point x0 = (X[ , x2, ■ ■ ■) e co -S. Consider then the system yi + ï(aiJ(t) + eiJ)xj + f.(t,x) = 0 y¡(0) = yand a subsequence y0 k (t), y0 k(0) = yk which converges, as e.. -> 0, uniformly on every interval 0 < t < T < oo. For system (6) the solution x(/) can become zero after a finite time. Theorem 3 generalizes a result of Hartman and Wintner [3] .
Example. Let {af} e c the space of convergent sequences with norm ||a|| = sup\a¡\. Assume that lim^^a; = a^ ^ 0 and define a' = (0, 0, • ■ ■ , a.-, 0, •••). Define T(t)a' = {e 'a'}, -oo < ReXi < co < oo. T(t) is a strongly continuous semigroup with infinitesimal generator A given by Aa' = {Xta1}. T(t) is compact if and only if lim Re/^ = -oo . Consider the system (8) x; = Kxi -£~i 8ij(t)Xj , x¡(t0) = x° with X. > 0, J2ij \\gu\\ < °°-This system can be written in the form x = Ax + G(t)x , x(t0) = x . Since T(t) is compact and G(t) is bounded, the consequent operator K(t, t0)x =x +f[ (A+G(s))ds is compact. From Theorem 2 there exists at least one monotone solution x(t) = (xx(t), x2(t), •■•), of (8) suchthat linu^x^) = 0, x(t) > 0 and -x(t) > 0.
